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^ ' Abstract 

w , In this study we are concerned with a class of generahzed BVP' s consist- 

rS^ ', ing of eigendependent boundary conditions and supplementary transmission 

c^ I conditions at finite number interior points. By modifying some techniques 

of classical Sturm-Liouville theory and suggesting own approaches we find 

asymptotic formulas for the eigenvalues and eigenfunction. 
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cn 

— u ■ 1. Introduction 

o 

cn ' In this study we shall investigate a new class of BVP's which consist of 

the Sturm-Liouville equation 



K^ I C{u) := —p{x)u"{x) + q{x)u{x) = Xu{x), x E Q (1) 

H ■ 

together with eigenparameter-dependent boundary conditions at end points 
X = a,b 

Ciiu) := aiu{a) — a2u\a) — A(a3'u(a) — aiu'i^a)) = 0, (2) 

C2{u) := I3iu{h) - P2u\h) + \{hu{h) - P^u{h)) = 0, (3) 
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and the transmission conditions at finite interior points ^i G {a,b),i = 1, 2, ...r 
£.(u) = ar^u'{ii-) + aio'u(^i-) + at^u\^i+) + a,X6+) = 0, (4) 



[u 



Ai^'(ei-) + /?a-o^(6-) + Ptiu\i^+) + A>(ei+) = 0, (5) 



r+1 



where fi = IJ (^i_i,^j), a := ^o, ^ := ^•+i, p{x) = pf > for x e Vti 



=1 



(i^j_i,^i), i = 1,2, ...r + 1, the potential q{x) is real-valued function which 
continuous in each of the intervals (^j_i, ^j), and has a finite limits q{^i =F 0), 
A is a complex spectral parameter, a^, [3^ (k = 1,2,3,4), afj, f3^ (i = 
1,2, ...r and j = 0, 1) are real numbers. We want emphasize that the bound- 
ary value problem studied here differs from the standard boundary value 
problems in that it contains transmission conditions and the eigenvalue- 
parameter appears not only in the differential equation, but also in the 
boundary conditions. Moreover the coefficient functions may have discon- 
tinuity at finite interior point. Naturally, eigenf unctions of this problem may 
have discontinuity at the finite inner point of the considered interval. The 
problems with transmission conditions has become an important area of re- 
search in recent years because of the needs of modern technology, engineering 
and physics. Many of the mathematical problems encountered in the study 
of boundary-value-transmission problem cannot be treated with the usual 
techniques within the standard framework of boundary value problem (see 
[? ]). Note that some special cases of this problem arise after an application 
of the method of separation of variables to a varied assortment of physical 
problems. For example, some boundary value problems with transmission 
conditions arise in heat and mass transfer problems [1], in vibrating string 
problems when the string loaded additionally with point masses [7| , in diffrac- 



tion problems 10|. Also some problems with transmission conditions which 
arise in mechanics (thermal conduction problems for a thin laminated plate) 
were studied in |9J. 



2. The fundamental solutions and characteristic function 



With a view to constructing the characteristic function a; (A) we shall 
define two fundamental solution 



0(x, A) 



(j)i{x,X),x G [a,^i) 
02(a;, A),x e (6,6) 
03(x,A),x G (6,6) and x(a:^, A) = < 

(j)r+lix,X),X E (6,^] 



Xi(a;, A),x G [a, 6) 

X2(a;, A),x G (6,6) 

X3ix,X),x G (6,6) 

^ Xr+i(x,A),x G (6,^] 



by special procedure. Let 0i(x, A) and Xr+i(2;, A) be solutions of the equation 
([I]) on (a, 6) and (6,^) satisfying initial conditions 



n(a, X) = a2 — Aa4, ^'(a, A) = ai — Aaa 
u{b, X) = ^2 + A/34, «'(6, A) = /3i + A/33 



(6) 
(7) 



respectively. In terms of these solution we shall define the other solutions 
(/)i(x, A), and Xj(x, A) by initial conditions 



0j+i(6+,A) 



1 



Aa2 
i+i(6+,A) -1 



(Ai230*(6-,A) + A 



.(6-, A), 



i24" 



5x 



A 



■(Aii30i(6-,A)+Aii4 



il2 



and 



-1 



Xi(6-,A) = 
5x.(6-,A), 1 



9a; 



A 



(Ail4Xi+l(6 + ,A) + Ai24 

(Aa3Xi+i(6+,A) + Ai23 



dx 

/'i(6-,A) 
dx 

9xi+i(6+,A), 



i34 



5a; 

%»+i(6+,A). 
9a; 



(8) 
(9) 

(10) 
(11) 



respectively, where Ajj^ (1 < J < A; < 4) denotes the determinant of the j-th 
and k-th columns of the matrix 



^il '^JO '^il ^iO 



Pil yiO Pil Pi' 



iO 



where i = 1,2, ...r. Everywhere in below we shall assume that Aijk > for 
all i,j,k. The existence and uniqueness of these solutions are follows from 
well-known theorem of ordinary differential equation theory. Moreover by 
applying the method of [J] we can prove that each of these solutions are entire 



functions of parameter A G C for each fixed x. Taking into account (151)- fllll) 
and the fact that the Wronskians a'j(A) := W^[0j(x, A), Xii.^^ ^)] (i=l,2,...r+l) 
are independent of variable x we have 

Ui+i{\) = 0i(6+, A) Xi(6+, A) 

ox ox 

= ^a^.(A) = n^c.,(A)(z = l,2,...r). 

j = l J 

It is convenient to define the characteristic function a; (A) for our problem 
(HD-dSD as 

a;(A) := a;i(A) = TT ^a;.+i(A) (i = 1, 2, ...r). 

Obviously, a; (A) is an entire function. By applying the technique of |3[ we 
can prove that there are infinitely many eigenvalues A„ , n = 1 , 2 , . . . of the 
problem ([I]) — ([5]) which are coincide with the zeros of characteristic function 
uiX). 

3. Some results for eigenvalues 

Theorem 1. The eigenvalues of the problem ([I])-© are consist of the zeros 
of the function w{X). 

Theorem 2. The eigenvalues of the problem ([I])-(l5]) are are analytically sim- 
ple. 

Theorem 3. The eigenvalues of the problem ([I])-© are also geometrically 
simple. 

Theorem 4. The eigenvalues of the problem ([I]) -((5]) are bounded below, and 
they are countably infinite and can cluster only at oo. 

Now by modifying the standard method we prove that all eigenvalues of the 
problem ([I]) — ([5]) are real. 

Theorem 5. The eigenvalues of the boundary value transmission problem 
(IT]) - (HI) are real. 



4. Asymptotic formulas for ,, basic" solutions 

Below, for shorting we shall use also notations; 4>i{x, A) := (/)ix{x), Xi(2^) ^) '■- 
Xi\{^) (^ = IjS, ...r + 1). We can prove that the next integral and integro- 
differential equations are hold for A; = and k = 1. 



d d 

— ^0ia(x) = {a^-s'a^)—^ COS 



six — a] 



Pi 



pi(«i - s^a-i) d^ 
H r^ sm 



dx^ 



+ 



pis j dx^ 



sm 



s{x-y) 



Pi 



Qiy)<Pix{y)dy, 



s (x — a) 



Pi 



(12) 



d^ 
dx^ 



1 (i'' 

(t){i+l)\{x) = ^— (Ai230iAte)+ Ai240iAte))^COS 

- j^{^ii3(f>ix{^i) + ^ii40iA(6))^ sin 



"s(a;-6)" 


pi+1 

'six-^iY 


. Pi+i . 



+ 



pi+is J dx^ 



d^ 



sm 



s{x-y) 
Pi+i 



(i{y)(t){i+i)\{y)dy 



(13) 



for X G(a,(^i) and a; G(^i,.^i+i), i = 1, 2, ...r respectively. 



d^ . . , ^ In ^ d^ \s{x-\)) 

-TTX{r+\)\{x) = (/32 + S /34)--rCOS 

ax'^ dx'^ 



+ 



I 



d^ 



d^ 

dx^ 



Xi\{x) 



pr+lS J dx^ 

X 

1 



sm 



Pr+l 

sjx-y) 

Pr+l 



s dx'^ 



s{x — h) 



Pr+l 



q{y)x{r+i)x{y)dy 



Aj34 
P 



{\lAX{i+l)\{^i) + \24X[i+l)x{^i)) 



dx'^ 
d^ 



cos 



•sAj34 
6 



(Aji3X(i+l)A(^i) + ^i23X(i+l)Ate))^ 



sm 



s{x - gj) 

pi 

sjx-^iY 

pi . 



+ — 



d^ 



piS J dx^ 



sm 



s(x-t/) 

pi 



q{y)xi\{y)dy 



(14) 



(15) 



for X e {inM and (6,6+i) (i=l,2,...r) respectively. 



Theorem 6. Let Irrifi = t. Then if 04 ^ 






0iA(a^) 



d^ 
dx^ 



(i+l)\ 



X] 



d^ 

-a^S^—r-r, COS 

dx^ 



-l)*+ia45*+' 



six — a) 
Pi 



O \\s\ e' ' pi 



(16) 



sm 



s (0 - ^i-i) 



Pi 



dx^ 



cos 



+0 Isr+^e 



|t|{(E^^^)+^!^) 



j=i 



Pi+l 



, z = l,2,...r 



g (3: - ^^ 
Pi+i 



(17) 



as |s| — 7> 00, while if 04 = 



d'' 
dx^ 

d^ 
dx^ 






dx'' 



s (X — a) 



Pi 



O \s\ e p^ 



,Ai24 d^ 



2^124 

—Ct^S r-r COS 



A112 dx'' 



s (^1 - a) 



Pi 



cos 



P2 



^ , I ifc |j|((ii^+ii!iziil) 



dx^ 



(i+l)\ 



X] 



V^, o«+l 



1)035^ COS 



s (^1 - a) 



Pi 



n 

^j=2 



^(i-i) 



(19) 



24 



A(j_i)i2pj 



sm 



5 iCj - ^i-i 



Pj 



X 



d^ 

dx^ 



cos 



Pi+1 



O \s\'e ^-1 '^ '^+' 



(20) 



i = 2,...r as\s\ -^ 00 (k = 0,1). i?ac/i 0/ this asymptotic equalities hold 
uniformly for x. 



Theorem 7. Let Ims = t. Then z/ /?4 7^ 
d^ . . n 2 d'' \s(b - x)' 

-l-TX(r+l)x{x) = P4S -T^COS 

dx'' dx'^ 



Pr+l 



+ 0{ |s|''+'e'*'^ 



(21) 



d" 
dx^ 



X{r-i)\[.X) 



d^ 

X ^—r COS 



1)^+1/?4S*+'' 

* j=0 

S (x — ^r- 



nA(r_j)24 
^ ^ — sm 



A(r-j)34Pr+l- 



Pr+l-i 



dx'^ 



Pr 



+ 1 isr+2j*i«s "'■+-.■ 



-)+- 



(2 



as \s\ — )■ oo, while if (3^ = 



dx^ 



X(r+1)\KX) 



d^ 

-/33Pr+lS--r sin 

dx'^ 



d^ 

dx^ 



Xr\{.x) 



-PSS COS 



A 



r34 



s {b — x) 

Pr+1 
Pr+1 



|fc+l \t\ 



(b-^) 



+ O {\sr' e'''^^ \ (23) 

S {x — ^r 



COS 



I I 1 Ul^ (t'-gr) I (x-(r) \ 

1 |s|''+'e'*'^^^^+^^^ 



d' 



dx^ 



:X{r-i)x{x) = {-ly+'hs'^'cos 



S{b-ir) 
Pr+1 



dx^ 



Pr 



COS 



(24) 



Pr—i 



n 



A 



{r-j)24 



+ O \sV+'e 



^(r--j)34Pr-j 

t|((E 



sm 



■5 Isr-— 1— j Sr— j 



^r-j 



j=0 






(25) 



as |s| — )■ oo i = 1, ...r — 1 (k = 0, l).Each of this asymptotic equalities hold 
uniformly for x. 



5. Asymptotic behaviour of eigenvalues and eigenfunctions 

Since the Wronskians of <f>\{x) and Xxi^) ^''^^ independent of x in each 
Qi{i = 0, 1, ..., r + 1), in particular, by putting x = b we have 



uj{x) = n 



i=i 



-ir—^r+iW\x=b - \\ir 



i(A)U=b = Yl-^u{(j)r+i{b, X) , Xr+l{b, X)) 



i=i 



A, 



n 7r^{(/^l + ^/?3)0(n+l)(&, A) + (/32 + A/34)0'(„+i)(6, A)}. (26) 



i=i 



^i34 



Let /m/i = t. By substituting ( 1^ and ( 125]) in (I2B]) we obtain the following 
asymptotic representations 
(i) If ^4 7^ and /34 7^ 0, then 



^r+l 

w(X) = -a^^As''^^ ( TT — sin 



P3 



+ ur+^e 



r + l 



t|(E^^^-^) 



(27) 



(ii) If 04 7^ and /34 = 0, then 



w{X) 



-04/335'' cos 



Pr+1 



B^r 



Pj 



+ O Isr+^e ^=1 



r-\-l ic _c \ 



(28) 



(iii) If 0^4 = and /34 7^ 0, then 



^(A) 



—a^PiS — — cos 

^134 



s(^i-a) 



Pi 



+ O I Isr+^e ^=1 






r+l ^ 

If — sin 



^i=2 



^ (0-1 - ii 
pj 



(29) 



(iv) If Q!4 = and /34 = 0, then 



vj{X) = -asPsS^'^^—^cos 



^134 



s iCi - a) 
Pi 



cos 



S{b-^r) 



Pr+1 



X 



n 

\j=2 



Pj-1 



sm 



g (0-1 - 
Pi 



l*l(E 



(e,-e,-i), 



O I Isr+^e ^- "^ 



(30) 



Now we are ready to derived the needed asymptotic formulas for eigenvalues 
and eigenfunctions. 

Theorem 8. The houndary-value-transmission problem ([I])-© has an pre- 
cisely numerable many real eigenvalues, whose behavior may be expressed by 
r + l sequence {s{} [j = 1, 2, ..r + 1) with following asymptotic as n —)■ 00 
(i) // 04 7^ and /3i 7^ 0, then 






O(-), (j = 1,2,. ..r + l) (31) 



('iij If a^ ^ and [5^ = 0, then 



,{r+l) 



[n+- 



1 Pr+lTV 



2'{b-^r 



+0 - 



n 



,{j) 



i^l^}}PfL+0 -] (7 = 1 r) 

(32) 



(in) If a^ = and /S^ j^ 0, then 

l^ PlTT ^ / 1 



S 



(1) 



[n+- 



+0 



n 



1 ^n 



[n 



l)pj'K 



(iv) If a4 = and 134 = 0, then 

1. PlTT _ /I 



2(e,-i-?, 



w 



, u 



2,...r+l), 
(33) 



.(1) 



.(i) 



n + 



2' (6 -a 
npjTT 



2(0-1-0 



+ 



0|i 



n 



.Cr+l) 



n + 



1 pr+iir 



O 



(j = 2,...r), 



(34) 



Proof. Let a^ ^ and P^ ^ 0. By applying the well-known Rouche 
Theorem which asserts that if f{z) and g{z) are analytic inside and on 
a closed contour F, and \g{z)\ < \f{z)\ on T then /(z) and/(z) + g{z) 
have the same number zeros inside F provided that the zeros are counted 
with multiplicity on a sufficiently large contour, it follows that ^^(A) has 
the same number of zeros inside the suitable contour as the leading term 

r+l 



wo{X) = -04/343''+^ n i-sin 



,j=i 



Pj 



Pj 



in 027]). Hence, if Aq < Ai < A2... 



are the zeros of w{X) and A„, we have the needed asymptotic formulas (l3T]l . 
Other cases can be proved similarly. 

Using this asymptotic expressions of eigenvalues we can obtain the corre- 
sponding asymptotic expressions for eigenfunctions of the problem ([I])-(I1]). 
Recalling that 4>\„{x) is an eigenfunction according to the eigenvalue A„, and 
by putting fl3T]) in the (IT6|) - flT7|) for fc = 0, 1 and denoting the corresponding 
eigenfunction a.s (pn (x) A; = 1, 2, ...r + 1 we get the following cases If 04 7^ 
and /?4 7^ 0, then 



x) 



—04 
X cos 



-1) 



PfcTT 



04 

n 
2 



(Cfc-i-^fc) 

1) 



COS 



PfcTT 



(x—a) 



'n 1 

^2 ' {S,k-l-^k) Pi 



.2 "^&-i-?fc) 



i+2 



n 



^j24 



i=l Ajiapj 



sm 



+ 0(n), xG(a,6) 



(?fc-l-?fe)Pi+l 



+ 0(n*+i), XG (0,0+1) 



(Cfc-i-?fc)Pj 
z = l,2,...r 



where k=l,2,...r+l. li a^ j^ and fS^ = 



r^n^) = 



— 0^4 



(n+i) 



l\pr+lTT 



2^(6-?„) 



COS 



[n + 



\i+l. 



-i)" ' "0:4 



(n + i^ '''■+^" 



1 i+2 



1\ pr+iTT (x-a) 



+ 0(n), xe(a,6) 



X cos 



2^ (b-^n) 
fl I \ Pr+l7r(a;-g,) 
.2 "^"-^ (fe-^„)ft+l 



1 1.7=1 A, 



-j24 



sm 



ij = i Aji2Pj 



1 I „\ Pr + l"-fo-gj-l) 

2 ^ '^^ (fe-Cn)p, 



1,2,. ..r 



and 



X 



—0:4 

X COS 



(?i-l)pfc7r 
2(5fc-i-«fc) 

(ra-l)pfc7r 



COS 



2&-i-a) 
(ra~l)pfc7r(a-g0 
2(?fc-i-?fe)Pi+i 



(n-l)pfc7r (a-g) 

2{5fe-i-Cfc) Pl 
J+2 / . 

nl Aj24 

.7 = 1 A, 



+ 0(n), xe{a,ii) 

(ra-l)pfc7r(gj-g-,--i) 



Aji2Pj 
2 



sm 



2(Cfc-i -?fe)Pi 



+ 0(n^+i), 2 = l,2,...rforxG(6,6+i: 
where k=l,2,...r. If 0:4 = and /34 7^ 0, then 



(1) 



-as 



m 



1\ PlTT 

2^ (a -a) 



sm 



n + 



1\ pi7r(x-a) 
2> (Ci-«)P1 



+ 0(1), xG(a,^i 






{x) = < 



-as 
for X e (^1,6 



i24. cos [(n + |)7r] cos 



in+h)piTr{x-^i) 



i-lYas 

^ [^j=2 Ao_i)i2p, 

i = 2, ...r 



1\ PITT 



.'^+ 2^(5i-a) 
^(j-l)24 



sm 



j+i 



cos [(n + |)7r] cos 



l^^^2^ (Cl-a)p, 



(Cl-a)P2 

1\ Pi7rOK-|i) 



0(n) 



V 2^ (gi-a)p,+ i_ 

0(nOxG (6,6+1) 



and 



X 



-as 



-as 



(n-l)pfc7r 
.2fe-i-?fe) 
(n-l)pfc7r 



2(Cfc-i-Cfc) 

for X G (6,6) 



(-l)^a3 
i = 2, ...r 



(n-l)pfc7r 

2(Cfe-i-Cfc) 

^0-1)24 



sm 

A124 
A112 



(n-l)pfc7r(a:-a) 
2(^fc_l-^fc)pi 

PQg («-l)(gl-a)pfc7r 
2(5fc_i-gfc)pi 



+ 0(1), xG(a,6) 



cos 



(n-l)(a-gi)pfc7r 
2(^fc_l-5fe)p2 



+ 0(n) 



cos 



(n-l)(gi-a)pfc7r 
2(^fe_l-gfc)pi 



(n-l)(3:~-gi)pfc7r 
2{?fc-i-5fc)Pi+i 



sm 



(ra^l)(gj-gj_l)pfc7r 
2(?fc-i -^fc)pj 



COS 

+ 0(nO, XG (6,6+1) 



10 



where k=2,...r+l. If q;4 = and (34 = 0, then 



(1) 



-"3 



-as 



[n + 



l\pin 



[n + 



2^ (?!-«) 
l\pin 



sm 



n + 



l\piTT(x-a) 



{x) = < 



2^(Ci-a) 

for X e (6,6) 

1\ PITT 



2^ tti-«)pi 

AiMcos[(n + i)7r]cos 



+ 0(1), xe{a,Ci) 



(Ci-a)P2 



+ 0(n) 



i-iyas 



A 



(j-l)24 



i+1 



lj=2 Ay_i)i2ft 

i = 2, ...r 



sm 



n 



cos [{n + |)7r] cos 



(6-a)Pj 



fr? ^ 1\ Pl7r(x-g,) 



0(nO, xG(6,6+i) 



('^+1)1 



X) 



-«3 



-as 



n + 



1\ pr+lTT 



[n ■ 



2^(6-?„) 
2Hb-in) 



sm 

A124 



ill2 



n + 



cos 



In pr+iiT(x-a} 
2'' (fc-?n)pi 
(ra+|)Pr+i7r(gi-a) 



+ 0(1), xG(a,6) 



COS 



-0{n) forxG (6,6) 



;-l)^a3 



n + 



I\£r + 1TT_ 

2^ (6 -a) 



i+1 



COS 



(n+|)pr+l7r(^i-a) 



X ( nj=2 aJ^;,; 



)24 



(j-l)12P3 



sm 



{b-(n)pi 

(n+|)pr.+i7r(gj-gj_i) 

(''-5n)Pj 



COS 



{n+^)pr+in{x-ii) 

{b-S.n)p2 

l\pr + lTr{x-^i) 



[n + 



0{n^), XG (6,6+1) 



2,...r 



and 



x] 



-as 
-as 



("-l)pfc7r 
2(Cfc-i-a) 



2&-i-5fc) 



-l)^a3 



npkTT 



sm 

A124 
A112 

i+l 



2{?fe-i— Cfc) 
^(J-1)24 

ii=2 A(j_i)i2Pj 

i = 2, ...r 



X n 



sm 



(n-l)pfc7r(a:-a) 
2(Cfc-i-Cfc)pi 

"(gl-a)Pfc^ 
2(5fc-i-5fc)pi 

"(gl-a)Pfc7r 
2(Cfc-i-5fc)pi 
"fe~gj-i)Pfc^ 



0(1), xG(a,6) 



cos 

COS 



COS 
COS 



n{x~(i)pkTT 
2(5fc-i-5fc)p2 
n(x-^i)pkTT 



+ 0(n) 



2fe-i-€fe)Pj 



2(?fc-l— Cfc)pi+l ^ 

+ 0(nO, XG (6,6+1) 



where k= 

X. 



:2,...r+l. All this asymptotic approximations are hold uniformly for 
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